A Pólya field is a number field K , with ring of integers O K , such that the O K -module formed by the integer-valued polynomials on O K has a regular basis. We are interested here by Pólya fields of small degree. We give a complete characterization of cyclic cubic, quartic and sextic Pólya fields (quadratic Pólya fields are known for a long time). Moreover, we prove that, with few exceptions, the compositum of two quadratic Pólya fields is a biquadratic Pólya field. Finally, we study sextic Pólya fields which are the Galoisian closure of pure cubic fields.
Introduction
We first recall the definition of a Pólya field and some basic characterizations. Let K be an algebraic number field and denote by O K its ring of integers. We consider the ring of integer-valued polynomials on O K , that is There are several ways to characterize Pólya fields. The first way is by considering the characteristic ideals. For each n ∈ N, let I n (K ) be the subset of K formed by 0 and the leading coefficients of the polynomials in Int(O K ) with degree n. This is a fractional ideal of O K called the characteristic ideal of K of index n [4, Proposition I. 3 .I]. The field K is a Pólya field if and only if the characteristic ideals I n (K ) are principal [4, II.1.4] . Of course, a number field K with class number h K equal to 1 is a Pólya field. But the converse does not hold: for instance, every cyclotomic field is a Pólya field (see [17] ).
The second way is the study of the Pólya group of K which can be considered as a measure of the obstruction for a field K to be a Pólya field. Indeed, denote by Cl(K ) the class group of K , that is the quotient Cl(K ) = I(K )/P (K ) of the group of fractional ideals I(K ) of K by the group P (K ) of nonzero principal ideals. The Pólya group of K is the subgroup P o(K ) of Cl(K ) generated by the classes of the characteristic ideals I n (K ) of K . In fact, P o(K ) is also the subgroup of Cl(K ) generated by the classes of the ideals Π q (K ) defined below [5 
, Proposition 2.2]:
Notation. For each q 2, let Π q (K ) be the product of all the maximal ideals of O K with norm q:
If q is not the norm of an ideal, then Π q (K ) = O K .
We resume all these assertions in the following proposition:
Proposition 1.2. The field K is a Pólya field if and only if one of the following assertions is satisfied:
(1) Int(O K ) has a regular basis; (2) for each n ∈ N, the ideal I n (K ) is principal; (3) for each q 2, the ideal Π q (K ) is principal; (4) P o(K ) = {1}. We believe this is the only characterization of Pólya fields of a given degree to be found in the literature. Here, we wish to characterize Galoisian Pólya fields with small degree, namely less than six. Indeed, several results about Pólya groups in Galoisian extensions stated in [5] suggest that such characterizations are obtained more easily for Galoisian fields. The simplicity of those characterizations depends on the properties of the Galois group G(K /Q) and also on the ramification in the extension K /Q. This work has been undertaken in [11] for biquadratic fields through the following proposition that we will use later for our characterization. 
Notation. For every finite extension
In particular, if K 1 and K 2 are Pólya fields, then L is a Pólya field.
The first characterization is obtained when G(K /Q) is cyclic and its order is an odd prime number: K is a Pólya field if and only if there is only one prime which is ramified in K /Q. We describe in Section 3 all cyclic cubic Pólya fields.
If G(K /Q) is still cyclic but if its order is not prime, Proposition 1.4 leads us to consider the case of cyclic Galois groups whose order is a prime power. We characterize in Section 4 cyclic quartic Pólya fields.
The group G(K /Q) may be Abelian but not cyclic. Proposition 1.4 leads us again to consider Abelian Galois groups whose order is a prime power. We study in Section 4 biquadratic fields obtained as a compositum of two quadratic Pólya fields.
Finally, we consider the case where G(K /Q) is not Abelian. Such a case does not happen until degree 6 with a Galois group isomorphic to the symmetric group S 3 . These sextic extensions are in fact the Galoisian closures of non-cyclic cubic fields. We characterize in Section 5 sextic extensions that are Galoisian closure of pure cubic fields, that is, fields of the form Q[ j,
We begin this work with a general study on the number of primes that are ramified in a Galoisian Pólya field.
A bound for the number of ramified primes in a Pólya field
Let K be a number field which is a Galoisian extension of Q. 
In particular, 
is a Pólya field with r ramified primes. In this construction, in order to obtain r ramified prime numbers, we have to consider an extension of degree 2 r .
On the other hand, if the degree n of K /Q is fixed, we may give an upper bound for s K . For this purpose, we recall a result from Brumer and Rosen: 
Proposition 2.4. (See [3, Proposition 3.3].) Let K /Q be a Galoisian extension with group G and degree n. Let
n = p p v p (n) be a factorization of n into prime powers. Then |H 1 (G, O × K )| divides p|n p R p (n) where R p (n) = n 1 p + 1 p 2 + · · · + 1 p v p (n) + v p (n).
Proposition 2.5. The number s K of prime which are ramified in a Pólya field K which is a Galoisian extension of Q is bounded by a function which depends only on the degree n of the extension
Assume that K is a Pólya field which is a Galoisian extension of degree n. It follows from Proposition 2.5 that, if n = 2 (respectively 3, 4, 6), then s K 2 (respectively 2, 5, 7). The first bound agrees with the previous remark, the second bound is larger than the exact value 1 given by Proposition 2.3. We will see that the others are rough bounds.
Cyclic cubic Pólya fields
Let K be a cubic field. We denote by D K the discriminant of K . One knows that K is a cyclic cubic field if and only if the discriminant D K of K is a square in Q. We recall the complete description of cyclic cubic fields that one may find in [6] : with u ≡ 2 (mod 3) and w ∈ N * . 2 Example 3.3. For p = 13, u = 5 and w = 1, the previous proposition shows that the field K = Q(θ) where θ is a root of X 3 − 39 X − 65 is a cyclic cubic Pólya field.
Cyclic quartic Pólya fields
Next, we carry on the study with cyclic quartic fields. We find a complete description of cyclic quartic fields in [8] and their discriminants are computed in [16] . We first recall these properties. 
The discriminant D K of such a field K is given by
is the unique quadratic subfield of K . Moreover, K is totally real if A > 0 and totally imaginary if A < 0.
Notations. For each n ∈ N, denote by ω(n) the number of distinct prime numbers dividing n. Let α K be the integer defined by
In order to study the ramification in a cyclic quartic extension K /Q, we precise the notion of a minimal extension: a non-trivial extension M/K is said to be a minimal extension 
Since D is a sum of two squares, one has D ≡ 1 or 2 (mod 4), and hence, ω(
an odd number coprime to D, it follows from Proposition 4.1 that: 
Sometimes, one may specify the previous theorem about the norm of units thanks to the following proposition:
Proposition 4.5. (See [7].) Let K be a real finite Galoisian extension. Suppose the conductor f of K is composite.

Let M f be the maximal real subfield of
Following [15] , the conductor f of a cyclic quartic field
Then, we can refine assertions (5) and (6) Proof.
(
is odd. 
About biquadratic Pólya fields
In this section, we prove that, with few exceptions, biquadratic fields obtained by composition of two quadratic Pólya fields are Pólya fields. This study has been undertaken in [11] and we pursue it in this section. We prove the following result: 
But these necessary conditions are not sufficient.
Notations. Let m and n be two squarefree integers. We let l = gcd(m, n) and write m = lm 1 , n = ln 1 , so that gcd(m 1 , n 1 ) = 1.
These exceptions are due to the prime 2 which may not satisfy the hypothesis of Proposition 1. 
which is determined by its value on the maximal ideals
of an element x and the absolute norm of an ideal:
for every x ∈ L and every entire ideal I of K .
We come back to the proof of the previous lemma:
Now, we can check whether some fields considered in Lemma 5.4 are Pólya fields or not. First,
] is a Pólya field because its class number is 1 (see [2] 
The case of the fields L = Q[ √ The question remains open to know whether there are biquadratic Pólya fields which are not obtained by composition of two quadratic Pólya fields.
Sextic Pólya fields
Let K be a number field such that K /Q is a Galoisian extension of degree 6. Then, the Galois group G(K /Q) is either cyclic or isomorphic to S 3 . (1 k 3) over Q. The field K is composed with K 1 and any subfield among K 2,k . The sextic field K is also the Galoisian closure of these three non-cyclic cubic fields, and conversely, the Galoisian closure of every non-cyclic cubic field is a sextic field with a Galois group isomorphic to S 3 .
Here, we restrict our study to sextic fields K which contain a pure cubic field. (2) Thus,
If p | m, p = 3 and p ≡ 1 (mod 3) (respectively p ≡ 2 (mod 3)), we obtain the equality 
In both cases, Π p (K )
